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Abstract. In this article we continue the study of properties of squeezing 
functions and geometry of bounded domains. The limit of squeezing functions 
of a sequence of bounded domains is studied. We give comparisons of intrinsic 
positive forms and metrics on bounded domains in terms of squeezing func- 
tions. To study the boundary behavior of squeezing functions, we introduce 
the notions of (intrinsic) ball pinching radius, and give boundary estimate of 
squeezing functions in terms of these datum. Finally, we use these results to 
study geometric and analytic properties of some interesting domains, including 
planar domains, Cartan-Hartogs domains, and a strongly pseudoconvex Rein- 
hardt domain which is not convex. As a corollary, all Cartan-Hartogs domains 
are homogenous regular, i.e., their squeezing functions admit positive lower 
bounds. 



1. INTRODUCTION 

In a recent work [4], the authors introduced the notion of squeezing functions 
to study geometric and analytic properties of bounded domains. The squeezing 
function of a bounded domain D is defined as follows: 

Definition 1.1. Let D be a bounded domain in C™. For p e D and an (open) 
holomorphic embedding / : D — > B n with f(p) = 0, we define 

sn( P ,f)=sup{r\B n (0,r)cf(D)}, 

and the squeezing number sd(p) of D at p is defined as 

sd(p) = sup{s D (p, /)}, 
/ 

where the supremum is taken over all holomorphic embeddings f : D —> B n with 
f(p) = 0, B n is the unit ball in C T \ and B n (0,r) is the ball in C™ with center 
and radius r. We call sd the squeezing function on D. 

An important property of squeezing functions is their invariance under biholo- 
morphic transformations. Namely, if / : Z?i — » D 2 is a holomorphic equivalence 
of two bounded domains, then sd 2 ° / = s r>i- Some other interesting properties 
of squeezing functions were established in [3J. For example, for each p £ D, there 
exists an extremal map realizing the supremum in Definition 11.11 and squeezing 
functions are continuous. 

In the present paper, we continue to study squeezing functions and applications 
to geometry of bounded domains. 
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We first consider squeezing functions on a sequence of domains. We prove that, 
for a sequence of increasing domains convergent to a bounded domain, the squeezing 
functions of these domains converge to the squeezing function of the limit domain. 
We also prove a weaker result for a sequence of decreasing domains. 

A homogenous regular domain (introduced in is a bounded domain whose 
squeezing function is bounded below by a positive constant. By the famous Bers 
embedding (see e.g. [6]), Teichmuller spaces of compact Riemann surfaces are ho- 
mogenous regular domains. In the past decade, comparisons of various intrinsic 
metrics on Teichmuller spaces were intensively studied (see e.g. [2] [TT] [IS] ) . The 
equivalence of certain intrinsic measures on Teichmuller spaces was proved in |15) . 
In it was proved that the Bergman metric, the Kobayashi metric, and the 
Caratheodory metric on a homogenous regular domain are equivalent. Geometric 
and analytic properties of homogenous regular domains were systematically stud- 
ied in |19j . where the term homogenous regular domain was phrased as uniformly 
squeezing domain. In this paper, we modify the method in |15j and |19j to give 
comparisons of invariant positive forms and metrics on general bounded domains 
in terms of squeezing functions. 

For a smoothly bounded planar domain D, we have proved in [4] that lim z _» p sn (z) — 
1 for all p € dD. In this paper, we try to generalize the basic idea in [3] to study 
boundary behavior of squeezing functions on bounded domains of higher dimen- 
sions. For this purpose, we introduce the notions of ball pinching radius and intrin- 
sic ball pinching radius of a bounded domain at its boundary points. The intrinsic 
ball pinching radii of a domain is a function defined on its boundary which is in- 
variant under biholomorphic transformations. With lower semi-continuity of these 
functions being established, we can estimate the boundary behavior of the squeez- 
ing function of a domain at a boundary point in terms of the intrinsic ball pinching 
radius at this boundary point. In particular, a bounded domain is homogenous 
regular if the ball pinching radius at any boundary point is positive. 

It seems that the above results can be used as powerful tools to study geometric 
and analytic properties of bounded domains. The key point is to estimate lower 
bounds of squeezing functions near boundary points. In this paper, we will study 
some special domains as examples. 

The first example is planar domains. Using the results on squeezing functions 
mentioned above, we can recover some results in one complex variable, namely, 
we prove that the Bergman metric, the Kobayashi metric, and the Caratheodory 
metric on a planar domain have the same increasing order near a smooth boundary 
point. 

The second example is Cartan-Hartogs domains, which are certain Hartogs do- 
mains with classical bounded symmetric domains as bases. In [22], Yin proposed 
a problem whether all Cartan-Hartogs domains are homogenous regular. In this 
paper, we answer this question affirmatively. This provides a class of homogenous 
regular domains with weakly pseudoconvex smooth boundary. Consequently, we 
establish many good analytic and geometric properties of Cartan-Hartogs domains. 
For example, these domains are hyperconvex and have bounded geometry; various 
classical intrinsic metrics, as well as all the volume forms considered in Ej3j on these 
domains are equivalent. We also give a boundary estimate of squeezing functions 
of Thullen domains defined as {(zi, z 2 ) S C 2 ; \zi\ 2k + \z 2 \ 2 < 1} for k > 0, which 
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are special Cartan-Hartogs domains. A detailed estimate of squeezing functions on 
general Cartan-Hartogs domains will appear in a separate work. 
The third example is the Reinhardt domain defined by 

{(z 1 ,z 2 )eC 2 ;log 2 |^ 1 | 2 + log 2 |z 2 | 2 <l}. 

It is a strongly pseudoconvex domain with smooth boundary that is not convex. We 
prove that this domain is homogenous regular. Though it is just a special example, 
the method here seems interesting and possible to be generalized to study general 
strongly pseudoconvex domains. 

The rest of the paper is organized as follows. In <J2J we study the limit of 
squeezing functions of a sequence of domains; in <J3J we describe the comparisons 
of intrinsic positive forms and metrics in terms of squeezing functions; in Sj4j we 
introduce the notion of ball pinching radius and intrinsic ball pinching radius, and 
give an estimate of boundary behavior of squeezing functions in terms of these 
dadum; and in the final Sj5l we use the results in previous sections to study properties 
of some interesting domains. 
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are also grateful to Boyong Chen, Kang-Tae Kim, Kefeng Liu, Peter Pflug, Sai- 
Kee Yeung, and Weiping Yin for helpful discussions. The authors are partially 
supported by NSFC grants (10901152 and 11001148), BNSF(No.ll22010) and the 
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2. Squeezing functions on limit domains 

In this section, we consider the relation between the limit of squeezing functions 
of a sequence of domains and the squeezing function of the limit domain. For a 
sequence of increasing domains, we have the following 

Theorem 2.1. Let D c C™ be a bounded domain and Dk C D (fc 6 N) be a 

sequence of domains such that U^D^ — D and Dk C Dk+i for all fc. Then, for any 
z £ D. Hindoo s Dk (z) = s D (z). 

Proof. By the existence of extremal maps w.r.t squeezing functions (see Theorem 
2.1 in [4 ), for each k, there is an injective holomorphic map fk '■ Dk — > B n such 
that fk{z) — and B n (0, so k (z)) C /fc(Dfc). By Montel's theorem, we may assume 
the sequence fk converges uniformly on compact subsets of I? to a holomorphic 
map / : D C n . 

We first prove that / is injective. Assume z £ Dk for some fco > 0, then it is 
clear that 

s D (z) > d ( z > dDk ^ > d ( z , dD ko) 
k ~ diam(Dk) ~ diam(D) 
for k > fc - So there is a S > such that B n (0, S) C fk{Dk) for all k > fc . Set 
9k = fk 1 \B"(o,8) ■ B n (0,5) -> D. By Cauchy's inequality, | det(dg k (0))\ is bounded 
above uniformly for all k > fco by a positive constant. Hence there exits a constant 
c > 0, such that \det(dfk{z))\ > c for all fc > fco. This implies det(df(z)) ^ 0. 
So the injectivity of / follows from Lemma 2.3 in [4] and the generalized Rouche's 
theorem (Theorem 3 in [12]). 

Since / is injective, it is an open map (see e.g. Theorem 8.5 in [5]). On the other 
hand, it is clear that /(D) C 5™. So we have /(D) C B n . 
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We now prove that sjj(z) > lim sup fe SD k (z). Let SD k . be a subsequence such that 
linifc i _ i . 00 sn k . (z) — limsup fc SD k {z) — r, then, as explained above, we have r > 0. 
Let e > be an arbitrary positive number less than r, then B n (0, r — e) C f k (D ki ) 
for h large enough. Set h ki = /^ 1 |s«(o,r-e); tnen lim^oo | det(dh ki (z))\ = 
| det(d/^ 1 (0))| 7^ 0. Bey the argument mentioned above, h := lim^ h ki is in- 
jective and hence h(B n (0,r — e)) c D. This implies f(h(w)) make sense for all 
w G B n (0,r - e). It is clear that f(h(w)) = w for all w € B n {0,r - e). So 
B n (0,r — e) C f(D) and sjj(z) > r — e. Since e is arbitrary, we get sd{z) > 
limsupfeSDfcO). 

Finally, we prove that sd{z) < liminffe so k {z). Let SD k , be a subsequence 
such that limfe'^oo S£) fc , (z) = lim inf^, sjj k (z). By the existence of extremal map, 

there exists an injective holomorphic map <p : D — > B n such that <p(z) = and 
B n (Q,sn{z)) C (p(D). For arbitrary < e < Sn{z), by assumption, ip~ 1 (B n (0, sd{z)— 
e)) C D k > for k[ large enough. So, for k\ large enough, we have su k , [z) > sd{z) — e. 
This implies sd{z) — e < lim/j'.^oo sc fc , (z). Since e is arbitrary, we get sd{z) < 
linife^oo s Dk , (z) = liminffe s Dk (z). □ 

For a sequence of decreasing domains, we have 

Theorem 2.2. Let D C C™ fee a bounded domain and D k D D (k € N) fee a 

sequence of domains such that C\ k D k = D and Dfc+i C -Dfe /or aZ/ fc. Then, for any 
z e D, sd{z) > lim sup fe s_o fe (z) . 

Proof. For each k, let : Z?fc — > £?" an injective holomorphic map such that 
f k {z) = and B n (0, so k {z)) C f k (D k ). By Montel's theorem, we may assume 
linifc fk = f exists and give a holomorphic map from D to C™ . By the same 
argument as in proof of Theorem 12. 11 we see that / is injective and f{D) C B n . 

Without loss of generality, we assume lim^ SD k {z) — r. Then, for any e > 0, 
B n {0,r - e) C f k (D k ) for k large enough. Set g k = f~ x \ BH o, r -e) ■ B n {0,r ~ e) -> 
D k . We can assume g k converges uniformly on compact subsets of B n (0,r — e) 
to a holomorphic map g : B n (0,r — e) — > C n . Similarly, one can show that g 
is injective and hence open. On the other hand, by assumption, it is clear that 
g(B n (0,r - e)) C n fc >il^. Hence g(B n (0,r - e)) C ^ k >iD k = D. This implies 
that f(g(w)) makes sense for all w £ B n (Q,r — e). It is clear that f(g(w)) = w for 
all w £ B n (0,r — e). So B n (0,r — e) C f(D) and sd{z) > r — e. Since e is arbitrary, 
we get s D (z) >r = lim fe s Dk (z). 

□ 

The following example shows that the strict inequality in Theorem l2.2l is possible: 

Example 2.1. Let D = {(2i,22)|Q < \ z 2\ < \ z i\ < 1} be the Hartogs triangle in 
C 2 . For a positive number e (small enough), we define a domain V e in C 2 as 

V e = {{ Zl ,z 2 )\0 < \ Zl \ < 1,0 < \z 2 \ < e}. 

Set D e — DL)V e . Let z J = (z^z^) be a sequence of points in D satisfying the 
conditions \z° l \ < (1 + and \z 3 2 \ > a for all j , where a > is a fixed constant. 

Then we have 

1) . linij^oo SDr iz- 1 ) — uniformly with respect to e, and 

2) . there exists a positive constant c, such that sd{z j ) > c for all j. 
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Proof. 1) By the Riemann's removable singularity theorem and Hartogs's extension 
theorem, the Caratheodory metric Cd € on D e is given by the restriction on D e 
of the Caratheodory metric on A x A. Note that the Caratheodory metric on 
A x A is continuous, it is clear that there exists a sequence of positive numbers 
r 3 such that limj rj = and the balls, denoted by B e (z 3 ,r 3 ), in D t centered at 
z 3 with radius r 3 with respect to Cr> t , are not relatively compact in D e for all j 
and all e small enough. Assume / : D e — > B 2 is an injective holomorphic map 
such that f(z 3 ) = and B 2 (0, sd c (z 3 )) C f(D e ). By the decreasing property 

of Caratheodory metric, we see that f(B e (z 3 , cr( s °2 ^ ))) i s relatively compact in 
f(D e ), where a : [0,1) — >• M is the function dehned as <r(x) = lnj^j. Since / is 
injective, this implies sd c (z 3 ) < 2a~ 1 (r 3 ) for all j. Hence linij_>. 00 srj e (z 3 ) tends to 
uniformly w.r.t e. 

2)The map <p(zi, Z2) = (zx, |r) gives a holomorphic isomorphism from D to A* x A*. 
Denote <f>{z 3 ) by (w^, w 2 ), then \w 2 \ > a. Note that the squeezing function on 
A* is given by sa*(z) = \z\ (see Corollary 7.2 in [4]), so we have sa* xA* Wj) ^ 
-^a for all j. By the holomorphic invariance of squeezing functions, we get sd(z 3 ) > 
^■a for all j. □ 



3. Comparison of intrinsic forms and metrics 

In this section, we give comparisons of intrinsic positive forms and metrics on 
bounded domains in terms of squeezing functions. 

3.1. Comparison of systems of positive forms with decreasing property. 

Let V be a complex vector space and V* be its dual. Let ex, ■ ■ ■ , e„ be a basis of V 
and e* , • • • , e* be the dual basis of V* . An (n, n)-form u £ /\ n ' V* is called positive 
(or strictly positive) if u = \ie\ A e\ A • • • A ie* n A e* for some A > 0(or A > 0). Since 
V has a canonical orientation, the definition is independent of the choice of basis 
of V. Generally, following [3], we call an element u £ /\ p ' p V* (strictly) positive if 

u A iix A £1 A • • • A i£,n-p A f„_ p 

is a (strictly) positive (n,n)-form on V for any linearly independent £j £ V*,l < 
i < n — p. For u, v £ f\ p ' p V* , we define u > v (u > v)if u — v is positive (strictly 
positive). It turns out that u £ /\ p,p V* is (strictly) positive if and only if, for any 
p-dimensional vector subspace W of V, the restriction u\w of u on W is (strictly) 
positive. 

Now let A be a complex manifold and u a (p, p)-form on A (whose coefficients 
are not necessarily continuous) . We call u (strictly) positive if it is (strictly) positive 
pointwise. Two positive (p,p)-forms u and v are called equivalent if < u < cv 
for some positive number c > 1. 

By a system of positive (p,p) -forms T with decreasing property, we mean at- 
taching a strictly positive (p,p)-form J-jj to each bounded domain D, such that 
Tr)x > /* {Fd 2 ) f° r bounded domains Dx , D 2 and any holomorphic mapping / : 
Dx -D 2 . 

Let JF and Q be two systems of positive (p,p)-forms, the pinching function Pj=g : 
(0, 1) -> R is defined as 



P^r) := inf{A > 0|JT B „(0) < A^(0)}, 
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where -B™ denotes the ball in C™ with center and radius r. Then < Prg(r) < oo 
for r € (0, 1). By the decreasing property, it is clear that Ppg{r) is decreasing on 
(0,1). 

Theorem 3.1. Let D be a bounded domain, T and Q as above. Then 
1 



-Qd(z) < T D {z) < Pfq{s d {z))Gd{z) 



PgAs D (z)y 

holds for any z € D. In particular, if D is homogenous regular and sd(z) > c > 0, 
then 

-^T^Qd{z) < Tn{z) < Prg{c)g D (z),ze D 
and hence Tu and Qd must be equivalent. 

Proof. For any z € D, denote sd(z) by r for simplicity. By the existence of extremal 
maps, there is an open holomorphic embedding / : D — > B n such that f(z) = 
and B n (r) C f{D). By the decreasing property, we have 

fJ B »(0)<J D (z)<f^ r( o), 

fg B r.(o)<g D (z)<rg I3r{0) . 

The above two inequalities imply 
1 



PgAso(z)) 

In particular, since Ptq and Pqt are decreasing, we have 

1 



g D (z) < Fd{z) < P Fg {s D {z))g D {z). 
Pgjr are decreasing, we have 

g D {z) < Foiz) < Pfg(c)g D (z) 



PqAcY 

if Sd(z) > c. □ 

Let D be a domain in C™, then the Caratheodory volume form on D is defined 
to be the (n, n)-from 

M c D {z) = \Mg(z)\^d Zl A dzi A • • • A % -dz n A dz n , 

where 

\M£{z)\ = sup{|det/'(z)| 2 ;/ : D -)• B n holomorphic with f(z) = 0}; 
and the Eisenman-Kobayashi volume form is defined to be the (n, n)-from 

M% (z) = \M%{z)\ l -dz x A dzi A • • • A % -dz n A dz n , 

where 

\Md(z)\ = inf{l/| det/'(0)| 2 ;/ : B n -> D holomorphic with /(0) = z). 

The Caratheodory volume form and the Eisenman-Kobayashi volume form sat- 
isfy the decreasing property. If D is bounded, then and Ai^, are two strictly 
positive (n,n)-forms on D (see e.g. So M. and M. K are two systems of 

positive (n,n)-forms. 

Let ftbea norm on C", and let B n {h) := {v € C n \h{v) < 1} be the unit ball 
with respect to h. Then the volume form of h is defined as 

vol(B n ) i, ,_ i , 

-—dz\ A dz\ A • • • A -az n A dz n , 



vol(B n (h))2 1 A 2 
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where vol(B n ) and vol(B n (h)) denote the Euclidean volumes of B n and B n (h) 
respectively. Note that the volume form of h is completely determined by h, and 
independent of the choice the original inner product on C". 

On a bounded domain D, the Kobayashi metric and the Caratheodory metric are 
nondegenerate, namely, they give norms on tangent spaces at all points of D. So we 
can define the volume forms of the Kobayashi metric and the Caratheodory metric 
on D and denote them by A4p and respectively. They are strictly positive 
(n, n)-forms on D. Since the Kobayashi metric and the Carathedory metric satisfy 
the decreasing property (see e.g. [5]), so do their volume forms. Hence M. c and 
A4 K are two systems of positive (n, n)-forms. Here one should note that, in general, 
the Caratheodory volume form and the volume form of the Caratheodory metric 
are distinct, and the Eisenman-Kobayashi volume form and the volume form of the 
Kobayashi metric are distinct. 

On the unit ball B n , all the four volume forms defined above coincide. Let 
M. and M! be any two of the four volume forms, i.e., the Caratheodory volume 
form, the Eisenman-Kobayashi volume form, the volume form of the Caratheodory 
metric, and the volume form of the Kobayashi metric, then it is easy to see that 

PMM'{r) = Pm'm{t) = 

By Theorem 13. 11 we have 

Theorem 3.2. Let D be a bounded domain in C™ . M. and M! as above. Then we 
have 

s%(z)M' D (z) < M D (z) < -JL-M' d (z), z e D. 
In particular, if D is homogenous regular and Sd(z) > c > 0, then 

c 2n M' D (z) < M D (z) < -±-M' D (z),ze D, 
and hence Md o,nd M! d ore equivalent. 

3.2. Comparison of metrics with decreasing property. A metric h on a 
bounded domain D is a map 

h : D x C n -> R 

(not necessarily continuous) such that, for any z € D, the restriction h z of h on 
{z} x C" gives a norm on C™. In general, a metric h on D can not be represented 
by a strictly positive (l,l)-form if it is not Hcrmitian. Similarly, for a system 
of decreasing metrics H, we mean attaching each bounded domain D a metric 
T-Ld, such that %d 1 > /*(^u 2 ) f° r bounded domains D\,D2 and any holomorphic 
mapping / : D\ — > £>2- Given two systems of decreasing metrics % and H' , we can 
define a pinching function Puw : (0, 1) — > M by setting 

Pnw{r) := inf{A > 0|Wb»(0) < AHV(O)}. 

Then the same argument as the proof of Theorem 13.11 leads to the following 

Theorem 3.3. Let D be a bounded domain, and % and %' be two systems of 
decreasing metrics. Then 

p ™M' D («) < n D (z) < P H w{sd{z))U' d {z). 
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In particular, if D is homogenous regular and sd{z) > c > 0, then, for any z G D, 
we have 

p 1 f , n' D (z) < U D {z) < P n w(c)H' D (z),ze d, 

and hence H. d and H' D must be equivalent. 

It is known that the Kobayashi metric H K and Caratheodory metric H c on 
bounded domains are Finsler metrics satisfying the decreasing property. They are 
coincide on the unit ball, and we have 

P U K U c{r) =P u c U K(r) = -,re (0,1). 

It is also well known that the Caratheodory metric on a bounded domain is dom- 
inated by its Kobayashi metric. So a direct consequence of Theorem 13.31 is the 
following 

Corollary 3.4. Let D be a bounded domain. Then 

s D (z)H%(z) <U c D (z) <H%(z). 

In particular, if D is homogenous regular and sjj(z) > c > 0, then, for any z € D, 
we have 

cUliz) <U%(z) <H c K {z),z e D, 
and hence Hp and Hp must be equivalent. 

For a metric fiona bounded domain D, as explained in the above subsection, 
we can define the volume Aih of h, which is a strictly positive (n, n)-form on D. If 
there are two metrics h and hi on D satisfying the condition 

a(z)h'(z) < h(z) < b(z)ti(z),ze D, 

where a and b are two continuous strictly positive functions on D, then the volume 
forms Mh and Mh' satisfy the comparison 

{a{z)) 2n Mh'{z) < Mh{z) < (b(z)) 2n Mh'(z),z e D. 

In particular, if h and hi are equivalent, then Aih and Aih' are also equivalent. 

We have shown in Theorem 13.21 that the volume forms of the Kobayashi metric 
and the Caratheodory metric on a homogenous regular domain are equivalent, and 
they are equivalent to the Caratheodory volume form and the Kobayashi volume 
form. We also see that, on a homogenous regular domain, the Kobayashi metric and 
the Caratheodory metric are equivalent. It is also known that they are equivalent 
to the Bergman metric and the Kahler-Einstein metric [TT] [19] . As a consequence, 
we have 

Theorem 3.5. On a homogenous regular domain, the volume forms of the Kobayashi 
metric, the Caratheodory metric, the Bergman metric, and the Kahler-Einstein met- 
ric are equivalent, and they are equivalent to the Caratheodory and the Eisenman- 
Kobayashi volume forms. 

The equivalence of some of the above volume forms was established in |15) for 
Teichmiiller spaces. In the following subsection, we will describe comparisons of 
the Kobayashi metric, the Bergman metric, and the Kahler-Einstein metric (if the 
domain considered is pseudoconvex) and their volume forms on a general bounded 
domain in terms of its squeezing function. 
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3.3. Comparison of intrinsic metrics in terms of squeezing functions. For a 

bounded domain D, we have got a comparison between its Caratheodory metric Hp 
and Kobayashi metric in terms of its squeezing function in Corollary 13.41 The 
Bergman metric H E , which does not satisfy the decreasing property, is invariant 
under biholomorphic transformations. When D is pseudoconvex, it is well known 
that there is a unique complete Kahler-Einstein metric on D, denoted by Hp E , 
with Ricci curvature normalized by — (n + 1) [14] . which is also invariant under 
biholomorphic transformations. In this section, we will give a comparison of the 
Kobayashi metric Hp with the Bergman metric Wf) and, if D is pseudoconvex, the 
Kahler-Einstein metric Hp E in terms of the squeezing function on D. The main 
result is 

Theorem 3.6. Let D be a bounded domain in C" and z € D, and let sd be the 

squeezing function on D. Then we have 



s D (z)H«(z) < % B D {z) < - 1 ^ T —H%(z). (1) 



If in addition D is pseudoconvex, then 
^2 



/ \ (™-l)/2 

(z)H%(z) < n* E {z) < {^jg^ ) U ^ z) - (2) 

Remark 3.1. If D is homogenous regular and sd(z) > c for some constant c > 0, 
the above comparison, with sd(z) replaced by c, was proved in [19j. In particular, 
the Bergman metric and the Kahler-Einstein metric on D arc equivalent to the 
Kobayashi metric. As we will see, a slight modification of the method in [TH] can 
be used to give the proof of Theorem [ 



Proof, (the proof of Theorem 13. 6j) We denote sd(z) by r for simplicity. By the 
existence of extremal maps [4], there exists an open imbedding /:£)—> B n such 
that f(z) = and B(0, r) C f(D). By the holomorphic invariance of these metrics 
considered, we may assume B n (z,r) C D C B n (z, 1), where B n (z,r) denotes the 
ball in C™ with center z and radius r. 

We first prove (p}. Due to the estimates in [13], we know that H D \z) ^ H E (z). 
By Corollary [331 we get 

rH«(z) < U B D {z). (3) 

It's known that (for example, see [8], page 189) the Bergman kernel Kd(z,z) — 
sup{|/(z)| 2 : / e Lf(D) 7 \\f\\i2 = 1}, where L\{D) is the space of square integrable 
holomorphic functions on D. Let f z be a function that realizes the supremum. 
Then, for V € T Z D, its norm T-L^z^V) of V w.r.t the Bergman metric on D is 
given by 

nE(z,v) = n ^ sup (4) 

In particular, we take = then 

,b,„ d . _ \j^9iAz)\ 



dz*' \f z (z)\ ' 

where gi >z is a holomorphic function realizing the supremum of in (U) with V = -J~. 
By the mean value inequality and the Cauchy inequality, a similar computation as 
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in [19] shows that 



9 ( \ 



1/2 2" +2 ^ 

^ "» _n+l : 



where a n is the Euclidean volume of the unit ball in C™ . Consequently, we obtain 
that 

By the decreasing property of the Kobayashi metric, we have 

nliz ,JL)>u« n{Zil) ( z ,JL) = i. ( 6 ) 



Combine flSJ and ([6]), we get 



9 , 2"+ 2 7r_ i< - / a 



Then ([1]) is obtained by combing ([3]) and 

We now prove ([2]) in this theorem. Recall that the Kobayashi metric r ) 
on B n (z,r) is a Kahler metric with constant holomorphic sectional curvature —4 
and constant Ricci curvature — ^^r- For a vector v € T z (B n (z,r)), its Kobayashi 
norm is given by Wgnu r ^(z,v) = ||u||/r, where denotes the Euclidean norm of 
v. From Mok-Yau's schwarz lemma |14j and the decreasing property of Kobayashi 
metric, we have 

vol{H* E {z)) ^ -L V0 l(H« nM (z)) = vol{U% Hzjl) {z)) sc vol(H«(z)), (8) 

where, for a metric <?, vol(g) denotes the volume form of g. On the other hand, by 
Royden's Schwarz lemma |16j . we have 

nE E (z) > sJlH« n ^ x) {z) = sjlrU^ r) {z) > ^~rUl{z). (9) 

Let Ai ^ A2 ^ • • • > A n > be the eigenvalues of Hp E (z) with respect to Hp(z), 
then it follows from §8§ that YHj=i ^3 ^ 1> an( l f° rm © that Xj ^ 2r_. Hence 
e conclude that 

rUUz)<n E {z)<(-^) {n - 1V *UUz). 

□ 

Let A4p and .M^ be the volume forms of the Kobayashi metric and the Bergman 
metric on D respectively, and let M.^ E be the volume form of the Kahler-Einstein 
metric on D if D is pseudoconvex. Then a direct corollary of Theorem 13.61 is: 

Corollary 3.7. Let D be a bounded domain in C" and z € D, let so be the 

squeezing function of D. Then we have 



Ai ^ (277)" 1 ) an d we conclude that 



sl\z)M K D (z) < < (4+rA) 2r V<(4 ( 10 ) 
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If in addition D is pseudoconvex, then 

2 f n \ n( ~ n - 1 ) 

(-) n s%(z)M«(z) < M« E (z) < M«(z). (11) 

4. Boundary estimates of squeezing functions 

The main aim of this section is to study boundary behavior of squeezing functions 
on bounded domains. We first introduce the notion of ball pinching radius and 
intrinsic ball pinching radius of a bounded domain at its boundary points, and 
establish semi-continuity of these functions in § £14.11 In § £14.21 we give a boundary 
estimate of squeezing functions in terms of intrinsic ball pinching radius. 

4.1. Intrinsic ball pinching radius. Let D be a bounded domain in C™ and 
p £ 3D be a boundary point of D. If D is C 2 -smoothly bounded at p and contained 
in some ball in C™ with boundary point p, then we define eo{p) the minimum of 
the radii of balls with boundary point p that contain D. If D is not C 2 -smoothly 
bounded at p or no ball with boundary point p can contain _D, then we set eoip) = 
+oo. The ball pinching radius of D at p, denoted by Bo{p), is defined to be 

a 

B D (p) := sup{ — — } 
a e D (p) 

if eo(p) < +oo, where the supremum is taken over all positive numbers a satisfying 
the condition: there exists a ball of radius a with boundary point p such that its 
intersection with some neighborhood of p in C n is contained in D. If e_o(p) = +oo, 
we set Bd(p) = 0. 

The intrinsic ball pinching radius of D at p, denoted by IBd(p), is defined as 
follows: 

IB D (p) := sup{B^Cp')}, 

D'J 

where the supremum is taken over (D' , /) with condition: D' is a bounded domain 
in C n , / is a biholomorphic map from D to D' such that / can be extended to a 
continuous map from D U {p} to D' U {p'}, where p' is a boundary point of D' . 

We view Bp and I Bp as two functions defined on 3D. It is clear that Bo < I Bp. 
By definition, we see that IBo is invariant under biholomorphic transformations. 
More precisely, let D and D' be two bounded domains, p £ dD and p' £ 3D' . If 
there exists a biholomorphic map / : D —¥ D' such that / can be extended to a 
continuous map from D U {p} to D' U {p'}, then IBjj{p) = IBd'{p')- 

By definition, we call p £ 3D a globally strongly convex (g.s.c) boundary point 
of D if Bn(p) > 0, or equivalently eo{p) < +oo. 

Our main aim in this section is to study the relation between (intrinsic) ball 
pinching radius and boundary behavior of squeezing functions. 

The following Proposition gives some basic properties of the two functions: 

Proposition 4.1. Let D be a bounded domain. We have 

1) . both Bjj and I Bp are lower semi- continuous on 3D; 

2) . for p £ 3D, if Bd(p) > s for some constant s > 0, then there exists a neigh- 
borhoods U of p in C" such that, for any q £ U C\3D, the intersection of U and the 
ball of radius s ■ eo(q) with boundary point q is contained in D. 

The Proposition can be viewed as a result in differential topology and its proof 
will be given as an appendix at the end of the paper. 
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Remark 4.1. 1). Assume p £ dD with e_o(p) > 0. Let p be a local defining function 
of D near p with |Vp(p)| = 1. Let A be the biggest eigenvalue of the restriction on 
TpdD of the real Hessian of p at p. Then it is easy to see that Bo ijp) = ^(p) > 
2). It is obvious that a C 2 -smooth boundary point p of D is g.s.c if and only if the 
real Hessian of the local defining function of D near p is positive definite on T p (dD) 
and T p (dD) f)D = {p}. 

4.2. Boundary behavior of squeezing functions. In this subsection, we give 
estimates of boundary behavior of squeezing functions on bounded domains in terms 
of their intrinsic ball pinching radius introduced in the above subsection. 

For the unit disc A in C, it is well known that all geodesic balls in A with 
respect to the Poincare metric are discs. This holds since all automorphisms of A 
are fractional linear transformations and all fractional linear transformations map 
discs to discs. But it is not the case in higher dimensions. In general, a geodesic 
ball of the unit ball in C" with n > 1 with respect to the Kobayashi metric is not 
a ball. In fact, we have the following Proposition 14. 21 which will be used in our 
discussion of squeezing functions. 

Proposition 4.2. Let il p C B n (n > 1) be the ball centered at (1 — p, 0, • • ■ ,0) 

with radius p < 1. For < r < 1, denote (r, 0, • • • ,0) £ B n by r. Then, for 
r > max{l/2,l — 2p}, the Kobayashi distance KBn(r.dQ, p ) on B n from r to dfl p 
is given by 



K Bn {v,dn p ) = \o g - 



1 



1 - 



(1 + 7-Xl-p) 



1 - 



In particular, Kb** (r, dQ p ) tends to log j 



Proof. Let z = (zi, ■ ■ ■ , z n ) and w — (uii, 
Kobayashi distance of these two points is 



i _ (l+r)(l-p) 

as r tends to 1. 

,w n ) be two point in B". Then the 



K Bn (z,w) = log 



II 



wr + \z ■ w\ 



|1 — W ■ Z\ — y/\z — U)\ 2 + \z ■ 

where z ■ w = J2k z kU>k- Note that dfl p is given by 



For z £ dfl p , z ^ (1,0, 



where 



z £ e 



(i-p)I 2 + £ 



Zk 



p 



k=2 



,0), a direct computation shows that 

i + 



K B »(r,z) = log 



1 - vMzi)' 



|r - zi| 2 + (1 - r 2 )(p 2 - \ Zl - 1 + p\ 2 ) 



11-rSil 



We need to compute the minimal value of <p(zi) 
identity 



For z\ = x + iy, we have the 



Zl \ 2 + (1 - r 2 ){p 2 -\zi+p- 1| 2 ) = |1 - r Zl | 2 + 2(r 2 - 1)(1 - p)(l - x). 
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So 

1 , 2(r 2 -l)(l-p)(l-x) 

^ (zi) = 1 + |T^7i7p ■ 

It is easy to see that 

2(l-r 2 )(l-p)(l-x) 2(l-r 2 )(l-p)(l-:r) 

^ (zi) = 1 iT^TiTF - 1 i^Txf ' 

and the equality holds if and only if y = 0. Let 

^)= n~ X L are (0,1). 

The maximal value of ip{ x ) is obtained at x = 2 — l(note that here r tends to 1) 
and ^(2- i) = ^^y. Then 

(l + r)(l-p) 
<A z i) ^ 1 ^ ' 

and the equality holds if and only if x = 2 — i and y = 0. So, for z g <917 p , we have 



K B " (r, z) > lo| 



1 + A/1 _(i±rllw) 



and hence 



(l+r)(l-p) 

K Bn {v,dn p ) = \ 0E - 



i- 



_ (l+r)(l-p) 
2r 

which tends to log j~^j= as r tends to 1 . □ 
With Proposition 14. 2[ we can prove the following 

Proposition 4.3. Let D be a bounded domain in C ra and p be a boundary point 
of D. If Bd(p) > p for a positive number p. Then there is a neighborhood U of p 
such that 

[ (2-8{z)/e D (p))(l-p) 

for all z € U (1 D (1 ./V, where 8(z) = d(z,dD) is the boundary distance function 
cd(p) is defined as in §j j^._?[ and AT is the normal line of dD at p. In particular, 
for p — > B d(p) , we have 



liminf s D (z) > \J B D (p). 

Proof. For < x < 1, we set a(x) = log jz^, which is a strictly increasing function. 
For z € the Kobayashi distance fsT Bn (z,0) from z to is <r(|z|). 

We may assume p = (1, 0, • • • , 0) and e£>(p) = 1, and assume the normal line N 
of dD at p is the line {(at, 0, • • • , 0)|jc G M} C C". 

By assumption, there exists a ball Q of radius p and a neighborhood £/ of p such 
that 917 is tangent to dB n at p and f2 fl 17 C D. Since the Kobayashi metric on 
B n is complete, for any positive s > 0, the Kobayashi geodesic ball in B n centered 
at (r, 0, • • • , 0) with radius s must be contained in U P B n for r approaching to 1 
enough. By Proposition 14.21 for 1 — r small enough, the Kobayashi geodesic ball 
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centered at r = (r, 0, • • • ,0) with radius a{ J 1 — ^ 1+r ^ 1 pS> ) is contained in £IC\U C 
D. Note that B n is homogenous, there is a biholomorphic equivalence F € Aut(B n ) 
such that .F(r) = 0. By the holomorphic invariance of the Kobayashi metric, F(D) 

contains a Kobayashi geodesic ball centered at with radius <t(\J 1 — ^ 1+r }^~^ -), 
which is the Euclidean ball centered at with radius (w.r.t the Euclidean metric) 

yl — ■^- fr ^ 1 ~ p ' ) . Note that, for U small enough, we have S(r) = 1 — r for any 
r G U. So we get 



s D (r) > ^1 

Let r tends to 1, we get 



(2-£(r))(l-p) 



2(1 -£(r)) 



liminf sdM > \fp- 

r— >1 



□ 



Remark 4.2. From the proof, we see that the neighborhood U appearing in the 
above Proposition is taken to satisfy two conditions: the intersection of U and f2 
appearing in the proof is contained in D, and for any z £ U n N, the Euclidean 
distance 8{z) from z to dD is given by the length of the normal line segment form z 
to p. By the theory of tubular neighborhood in differential topology (see e.g. [7]), 
the second condition can be satisfied if U is small enough. 

Combing Proposition 14. 1 1 and Proposition ^. 31 we can get the following theorem, 
which is the main result of this section: 

Theorem 4.4. Let D be a bounded domain in C™ and p £ dD. Then 



liminf s D (z) > y/lB D {p) 



for all p £ dD. 



Proof. We assume IBd(p) > 0. Note that squeezing functions are invariant un- 
der biholomorphic transformations. So, taking a biholomorphic transformation if 
necessary, we can assume Bfj(p) > p. By the theory of tubular neighborhood in 
differential topology (see e.g. [7]), there is a neighborhood U of p in C™ such that, 
for any z £ U<~) D, the Euclidean distance S(z) from z to dD is given by the length 
of the normal line segment from z to the boundary. By Proposition ^. 1[ we can take 
U small enough such that the intersection of U and the ball of radius p- eo{q) with 
boundary point q is contained in D for any q £ UDdD. Set C = mi qe u n gr){eD(q)}- 
By Proposition 14.31 and the remark after it, we get 



s D (z) > 



(2-8(z)/C)(l-p) 



2(1 -8(z)/C) 

for all z £ U n D. Let z — > p, we get the estimate. □ 
A direct consequence of Theorem 14.41 is the following 

Corollary 4.5. Let D be a bounded domain and IBoijp) > for all p £ dD, then 
D is a homogenous regular domain. 
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Let D C C" be a bounded domain with C 2 -smooth boundary. Then it is clear 
that there is a ball, say B, in C" such that D C B and dB n dD contains at least 
two points. Note that Br>{p) > for any p £ dB n dD. By Theorem 14.41 we have 
the following 

Corollary 4.6. Let D be a bounded domain with C 2 -smooth boundary. Then there 
exist at least two points, say p\ and P2, in dD such that liminf^-^ Su(zi) > 0, 
i = 1,2. 

It is known that any strongly convex bounded domain with smooth boundary is 
homogenous regular [19]. In this paper, we can say more about this. Let D C C™ be 
a strongly convex bounded domain with C 2 -smooth boundary, then Brj(p) > for 
all p £ dD. By Proposition 14.11 we see that \immi p ^grj Bo(p) > 0. By Theorem 
14.41 we get the following 

Corollary 4.7. Let D C C™ be a strongly convex bounded domain with C 2 -smooth 
boundary, and let p = liminf pe a£) Bo{p) > 0. Then we have 

liminf s D (z) > y/p. 

In particular, by the continuity of sd (see Theorem 3.1 in [A J, D must be a ho- 
mogenous regular domain. 

Let D be a bounded domain in C™ and p £ dD. Assume there is a ball B and 
a neighborhood V of p in C™ such that D c B and dD n V = dB n V. Then, 
by Theorem 14.41 we have lim x _j. g Sn (z) — 1 for any q 6 dD n V. On the other 
hand, we conjecture as follows that essentially the inverse of this result is true. 
As mentioned in the introduction, for a planar domain D with smooth boundary, 
we have lim^aflSo^) = 1- However, it seems that this result can not be valid 
again for general strongly pseudoconvex domains in higher dimensions. In fact, by 
Proposition l4.21 it is natural to expect that lim x _j. p sd(z) = 1 for some p £ dD may 
imply, under a biholomorphic transformation, dD is spherical at p, where D is a 
strongly pseudoconvex domain in C™ with n > 1. It is well known that a strongly 
pseudoconvex domain in C™ (n > 1) with analytic boundary which is spherical at 
some point is biholomorphic to the unit ball. Therefore it is natural to propose the 
following conjecture: 

Conjecture 4.1. Let D CC C" (n > 1) be a strongly pesudoconvex domain with 
smooth boundary. If lim z _>p Sd {z) — 1 for all p £ dD, or D has real analytic 
boundary and liin s _ i .p srj(z) = 1 for some p £ dD, then D is biholomorphic to the 
unit ball. 

5. Applications 

In this section, we use the results in the previous sections to study squeezing 
functions on some interesting domains, i.e., planar domains, Cartan-Hartogs do- 
mains, and a strongly pseudoconvex Reinhardt domain in C 2 that is not convex. 
As a consequence, other than recover some known facts, we obtain some new results 
about analytic and geometric properties of these domains. 

5.1. Planar domains. For a planar domain D with smooth boundary, it was 
proved in [4] that lim z _i.p s_d(z) = 1 for all p £ dD. This result can be strengthened 
by using Theorem 14.41 as follows: 
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Theorem 5.1. Let D be a bounded planar domain and p a smooth boundary point 
of D, then lim z _>.p sd{z) = 1. 

Proof. Let A be the connected component of C — D containing p, where C = 
C U {oo}. Then D' — C — A is a simply connected domain in C with p as a 
smooth boundary point. By Riemann's Mapping Theorem and Caratheodory's 
boundary correspondence (see e.g. [1]), there is a conformal map / : D' — > A such 
that lim z _,.p f(z) = q for some q in the unit circle. By definition, it is clear that 
Bf(D){ ( l) = 1 an d hence IBd{p) = 1. By Theorem 14.41 we have lim z _j. p sd(z) = 1. 
This completes the proof of the theorem. □ 



Combing Theorem 15.11 Corollary 13.41 and Theorem 13.61 we get the following 
corollary, which seems already known in the literatures. 



Corollary 5.2. Let D be a planar domain smoothly bounded at p € dD. Denote 

ic. 

n c D (z) 



by Hp, Hp, Hp the Caratheodory metric, the Kobayashi metric, and the Bergman 
metric on D respectively. Then we have 



lim 



n B D (z) 



lim sup — Or- - < 8ir. 

r * K \ — 



Ln particular, if D is smoothly bounded, then the above three intrinsic metrics on 
D are equivalent. 

5.2. Cartan-Hartogs domains. In this subsection, we investigate squeezing func- 
tions on Cartan-Hartogs domains, i.e., certain Hartogs domains based on classical 
bounded symmetric domains. 

Recall that a classical bounded symmetric domain is a domain of one of the 
following four types: 

-Dj(r, s) = {Z = (zjk) ■ I — ZZ { > 0, where Z is an r x s matrix} (r < s), 

Dix(p) = {Z = (zjk) '■ I — ZZ l > 0, where Z is a symmetric matrix of order p}, 

Din(q) = {Z = (zjk) '■ I — ZZ l > 0, where Z is a skew-symmetric matrix of order q}, 

Div(n) = {Z = (z u ■ ■ ■ , z n ) e C" : 1 + \ZZ l \ 2 - 2ZZ 1 > 0, 1 - \ZZ*\ > 0}. 

Let n be a classical bounded symmetric domain, then the Cartan-Hartogs domain 
tik associated to ft is defined to be 

n k = {(z, w)enx c m ; || w \\ 2 < n(z, z) k }, 

where m is a positive integer and A; is a positive real number, || W \\ is the standard 
Hermitian norm of W, and the generic norm N(Z, Z) for Dj(r, s), Djj(p), Dm(q), 
D IV (n) are respectively det(I- ZZ f ), det(/-ZZ*), det{I + ZZ v ), and 1 + |ZZ*| 2 - 
2ZZK 

Cartan-Hartogs domains were introduced by W. Yin and G. Roos in 1998. In 
1999, Yin computed the automorphism groups explicitly and gave the Bergman 
kernels and metrics of Cartan-Hatogs domains [20 . Yin and Zhang proved the four 
classical invariant metrics-the Caratheodoary metric, the Kobayashi metric, the 
Bergman metric and the Kahler-Einstein metric are all equivalent when the domains 
are convex [21]. Inspired by Liu-Sun- Yau's work [11], Yin proposed the following 
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open problem: whether Cartan-Hartogs domains are homogeneous regular [22j ? In 
this subsection, we give an affirmative answer to this question. Consequently, by 
the work of Yeung in [19] and the results in <J3J this leads to many nice analytic and 
geometric properties of Cartan-Hartogs domains. For example, these domains are 
hyperconvex and, with the Bergman and Kaher-Einstein metrics, have bounded 
geometry, and the four classical invariant metrics, as well as the volume forms 
considered in on these domains are equivalent. 
Let X : Q x C -> [0, 1) be defined by 

X(Z.W) = n - 1. (12) 

Then X is a defining function of fi in fl x C m . 

Theorem 5.3. For any positive number k, the Cartan-Hartogs domain fi^ defined 
as above is a homogenous regular domain. 

Proof. We give the proof when f2 = D](r, s) is a bounded symmetric domain of the 
first type in the above list. In this case, N(Z, Z) — det(J — ZZ r ). Other cases can 
be proved with the same argument. 

For any point (Z, W) £ Cl^, it is known that there exists an automorphism / of 
Qfe such that f(Z, W) — (0, • • • , 0, a) for some positive real number a (see [20]). So, 
by the holomorphic invariance and continuity of squeezing functions and Theorem 
14.41 it suffices to prove that (0, • • • ,0, 1) is a g.s.c boundary point of Clj, (see ^4.11 
for definition). 

We now compute the real Hessian Hess(X)(0, • • • , 0, 1) of the defining function X 
at (0, • • • , 0, 1), where X(Z, W) = J[^L fc — 1 as above. Let Zjk = Xjk+V—lVjk, 1 < 



N(Z,Z) k 

j < r, 1 < k < s, then = -J- + -J- and -J- = ^f^l It is 



dx jk dz jk ~ dz jk dy jk v \dz jk dz j 

clear that M| z=0 = f§L=o and ^§^\ z =o = s^U=o = for all j,k,l,q. 
Note that dN(Z, Z) = N(Z, Z) ■ tr((I - ZZ t )- 1 d(I - ZZ*)). Direct calculations 
show that 



d 2 N(z,z) 



dZjkdZla 



-tr EikE, 



,t \ = f -1, j = l,k = q: 
jk-^i q ) | Q) otherwise, 



where Ejk denotes a (r x s)-matrix whose components are non vanishing only at 
the (j, k) position. Therefore, we get 

Hess(X)(0,--- ,0,1)- ( 2H Q 2rs 2/ ° m 

Note also that VX(0, • • • , 0, 1) = 2^— ^ 0, where u m is the real part of w m , hence 
(0, • • • ,0, 1) is a strongly convex boundary point of Qk- On the other hand, it is 
clear that Clk H {u m = 1} = {(0, • • • ,0, 1)}, so (0, • • • , 0, 1) is a g.s.c boundary point 
of Clk . This completes the proof of the theorem. □ 

For fc tends to 0, the domains fit increase to the product domain £1 x B m . By 
Thcorem l2.ll we have 

lim s h (Z, W) = sax*»{Z,W) 
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for all (Z, W) £ Clk- By Theorem 7.3 and Theorem 7.4 in j4j, which are based on 
earlier work of Kubota in [10] s we get 

Proposition 5.4. Let f2fc as above, then 

]ims Clk (Z,W) = (sn 2 + l)- 1/2 

for all (Z,W) £ VL k , where s n = r" 1 / 2 , p" 1 / 2 , [q/2]- 1 / 2 , 2" 1 / 2 {or Q = £>/(r,s), 
Dnip), Dm(q) and Djv{n), respectively. 

We now use Theorem 14.41 and the calculation in the proof of Theorem 15.31 to 
estimate the boundary behavior of squeezing functions of Thullen domains near 
the boundary point (1,0). Detailed estimate for general Cartan-Hartogs domains 
will be explored in a future work. 

Example 5.1. Let D k = {(zi,z 2 ) £ C 2 | |zi| 2fc + \z 2 \ 2 < I}, where < k < 1. 
Then we have liminf z _ > n ) sr> k {z) > y/k. 

i i 2 

Proof. We choose (p(zi,z 2 ) := ^l^syjk — 1 as the defining function of Dk- By 
the calculation in the proof of Theorem 15 . 31 we see that V0(1,O) = 2^-, where 

x\ is the real part of zi, and the real Hessian of (f> at (1,0) is ( ^ 2 2 ^ 

On the other hand, it is clear that eD fc (l,0) = 1 (see £14. II for notations). Hence 
B Dh (l,Q) = k (sec gT]) By Theorem WM we are done. □ 

5.3. A Reinhardt domain. The main aim of this subsection is to show that 
the Reinhardt domain defined in the following example is a homogenous regular 
domain. This domain is a strongly pseudoconvex domain with smooth boundary. 
Though we just consider a single domain here, it seems that the method can be 
generalized to study general strongly pseudoconvex domains. 

Example 5.2. Let D = {(zi,z 2 ) £ C 2 | p(z\,z 2 ) < 0}, where p = log 2 \zi\ 2 + 
log 2 |z 2 | 2 - 1. Then D is a homogenous regular domain. 

Proof. By Theorem 14. A\ it suffices to prove LBrj(p) > for all p £ 3D. 

Let G = (S 1 x S 1 ) k Z 2 X (Z 2 x Z 2 ). Then G has a natural action on C* x 
C* by holomorphic transformations generated by rotations, permutation of the 
coordinates, and maps given by (zi,z 2 ) \—¥ (z^ ,z 2 ) and (zi,z 2 ) > (zi,^ 1 ). It is 
clear that D CC C* x C* is stable under this action. Let A — {(zi,z 2 ) | e 1 / 2 > 
|zi| > l,e^ 2 > \z 2 \ > l}ndD. Then we have dD = G(A U {(1, e 1 / 2 )}). 

We first prove that all points in A are g.s.c boundary points of D. The real 
Hessian of p is given by 



d 2 4(y 2 - x 2 ) , . 2 2 . 8x 2 



dxV tf+y 2 ) 2 i^ + y 2 ) 21 

IP = ??, 2 \? M*? + y 2 ) + , 2 % ^ 9 , (13) 



P_ _ 4(x 2 -y 2 ) 

dyf (xf+y 2 ) 2 ^ ' (x 2 +y 2 ) 2 ' 



d 2 S-Xjy, 2 2 8x,yj 

dx t dy % 9 (x 2 + y 2 ) 2 l ° g[X * +Vd+ (x 2 + y 2 ) 2 ' 



where i — 1,2. Since S 1 x S 1 acts on C 2 linearly, it suffices to consider points 
(zi,z 2 ) £ A with yi — y 2 = 0. By the above calculation, it is clear that the real 
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Hessian of p at these points are positive definite. On the other hand, D in the 
domain given by 

n-.= DU {\ Zl \ < 1, \z 2 \ < e 1 ' 2 } U {H < e 1 ' 2 , \z 2 \ < 1}, 

which is a convex domain since it is Reinhardt and its intersection with R 2 is convex. 
Note that A consists of smooth boundary points of tt, so all points in A are g.s.c 
boundary points of D. 

By the above calculations, we see that the Hessian of p is degenerate at the 
boundary point (1, er 1 ! 2 ). But we will prove that there exits a biholomorphic map 
F : C* x C -> C* x C such that F{l,e 1 / 2 ) = (Le 1 / 2 ) is a g.s.c boundary point 
of F(D). For e > 0, let F e : C* X C -> C* X C be the biholomorphic map given 
by (Z!,z 2 ) ^ {z 1} z 2 + f e (zi)), where f e {z x ) = e{z x + zf 1 - 2) = e(zi ~ 1)2 . Then 
F e (l,e^ 2 ) = (M 1 / 2 ). We can see F~ 1 (z 1 ,z 2 ) = {zi,z 2 ~ f e (zi)). Let p — p ■ F" 1 
be the defining function of F e (D), then we have 

p(z u z 2 ) = log 2 \ Zl \ 2 + log 2 |z 2 - f e ( Zl )\ 2 - 1. 

A direct calculation shows that 

-^P°K\,eV*) =8-8e-V 2 e,- 1 lP oF-\^ /2) =%e~ 1 '\ 

1 Vl (14) 

and all other second order partial derivative of p at (Le 1 / 2 ) vanish. This implies 
(Te 1 / 2 ) is a strongly convex boundary point of F e (D). Note that V/5(l, e 1 ' 2 ) = 
V j o(l,e 1 / 2 ) = 4e -1 / 2 g|^. Hence, to prove (Le 1 / 2 ) is a g.s.c boundary point of 
F(D), it suffices to prove Re(z 2 + f e {z\)) < e 1 / 2 , for all (zi,z 2 ) € 3D - {(1, e 1 / 2 )}. 
Let Zi = e ri / 2 e A ^~ Te *, i = 1,2, then, for zi, z 2 € have 
i?e(z 2 + / £ (z 1 )) 

=e((e ri / 2 + e- ri / 2 ) cos 0! - 2) + e^r^ cos 2 



<e((e ri / 2 +e-'' 1 / 2 )cos0 1 - 2) + 6^^, 
and the equality holds only if cos 2 = 1 . Let 

g(r u 0i) = e((e ri/2 + e~ ri/2 ) cos0! - 2) + . 

Then, for e > small enough, a computation shows that < for all r% £ (0,1) 
and 61 G [0, 2tt). So we have 

g{n,9i) < g(Q, 0i) = 2e(cos0i - 1) + e~ 1/2 

for n € (0, 1). Note also that g(l,0i) < e -1 / 2 for e mall enough, we have proved 
that Re(zi + / e (zi)) < e" 1 / 2 for (zi,z 2 ) g and the equality holds if and only 
if (zi,z 2 ) = (Le 1 / 2 ). So (lje 1 / 2 ) is a g.s.c boundary point of F € {D) for e small 
enough. This completes our proof. □ 

Remark 5.1. Form the proof of the above example, we see that D is strongly 
pseudconvex. By [17], the automorphism group of D is compact. Since D is a 
Reinhardt domain that does not intersect the coordinate axis, this result can also 
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be seen in another way (see e.g. |23j). So D can not cover a compact complex 
manifold. On the other hand D is not convex. So it is not in the list of homogenous 
regular domains given in |19j . 



Appendix: Proof of Proposition 14.11 
The aim of the appendix is giving the proof of Proposition 14.11 

Proof. (Proof of Proposition I4.ip 1). It is clear that we just need to prove Bjj 
is lower semi-continuous. For a point p £ dD with Bd(p) = 0, or equivalently 
ejj(p) — +oo, Bjj is clearly lower semi-continuous at p. 

Now we assume p £ dD and Bo{p) > 0. By 1) in Remark |4.1[ it suffices to prove 
that eo is upper semi-continuous at p. 

For r > and q £ dD n U, let B qr be the ball defined by 

\z-(q-rVp(q))\ 2 < r 2 . 

Let r > cd(p) be hxed, we want to prove that, for some neighborhood V <ZU of p, 
D C B q . T for all q £ dD n V. Let 

f r, n\ - \ z -(.9 -rVp(q))\ 2 -r 2 
Jr\z, q) — 



2r 

By assumption, we can choose a local defining function p of D near p such that 
\\Vp\\ = 1 and Hess(p)(p) > cHess(f r (z,p))\ z — p for some c > 1. By continuity, 
there is a neighborhood W of p such that 

Hess(p){q) > cHess(f r (z,q))\ z=q (15) 

for g e 91? n W. We may assume W is convex and small enough. Then, for any 
fixed q £ dD n W, we have 

In 

p(z) = Ax ■ V p(q) + 2J hij(z,q)AxiAxj, 
i,i=l 

where Ax = (Axi, • • • , A^2n) = 2 — g is viewed as a vector in R 2n . The key point 
here is that all hij(z, q) are continuous on W x (Wfl9iP), and hij(q, q) = d °.g x (<?)■ 
By (fl5|) . replacing by a small enough relatively open subset of it, we have 

2n 

P( z ) - fr(z,q) = ^ h i> j(z,q)Ax i Ax j - AxHess(f r (z,q))\ z=q Ax T > 

for (z, g) G VF x (W n This implies that W C B q , r for all g G dD n W. 

On the other hand, it is clear that there is an open subset V of W such that 
D - W c B 9 , r for all g € dD n V. So, for all g G n V, we have L» c B q . r . This 
implies eu(g) < r. Let r \, en(p), we see that eo is upper semi-continuous at p. 

2). Denote s ■ &d(jp) by a. By similar argument as in the proof of 1), one can 
show that there is a neighborhood V of p in C" such that D P\ V C B q ^ a for all 
q £ dD n V, where B q ^ a is defined as in the proof of 1). So the proof of 2) is 
complete. □ 
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